Abstract: Single-mode hollow-core waveguides loaded with atomic ensembles offer an excellent platform for light-matter interactions and nonlinear optics at low photon levels. We review and discuss possible approaches for incorporating mirrors, cavities, and Bragg gratings into these waveguides without obstructing their hollow cores. With these additional features controlling the light propagation in the hollow-core waveguides, one could potentially achieve optical nonlinearities controllable by single photons in systems with small footprints that can be integrated on a chip. We propose possible applications such as single-photon transistors and superradiant lasers that could be implemented in these enhanced hollow-core waveguides.
Introduction
Optical technology in applications beyond plain optical interconnects requires the use of optical nonlinearities. While these nonlinearities can be found in a range of conventional materials, they can be close to negligible at powers associated with individual photons. As summarized in the review by Chang, Vuletić, and Lukin [1] , interactions between single photons can be achieved through optical nonlinearities arising in quantum emitters and can be further enhanced by tight localization of photons and through the use of coherent light-matter interaction tech-niques. Hollow-core optical waveguides filled with atomic gases are one of the few platforms that allow the simultaneous implementation of all requirements needed to achieve strong interactions between few-photon light pulses: large optical nonlinearity, long interaction time, low photon loss, and tight confinement of the light pulses.
Several notable demonstrations of strong light-matter interactions in hollow-core waveguides have been reported in recent years, such as all-optical switching with a few-hundred photons in a hollow-core photonic crystal fiber with laser-cooled atoms [3] , cross-phase modulation with few photons [4] , and single-photon broadband quantum memory [5] in a photonic-crystal fiber filled with room-temperature alkali atoms, as well as demonstration of quantum state control of warm alkali vapor in a hollow-core antiresonant reflection optical waveguide on a chip [6] . These light-matter interactions could, however, be further enhanced through additional control over the design of the photonic environment of the waveguide and by including additional functionalities.
Such modifications could include structures for dispersion engineering, integrated polarization-selective mirrors and cavities, and compact infrastructure for atom cooling and trapping, as well as novel uses of ensemble-enhanced quantum optics phenomena such as electromagnetically-induced transparency (EIT) [7] , slow and stopped light based on dark-state polaritons [8] , or the recently demonstrated vacuum-induced transparency (VIT) [9] . These possibilities have the potential to open new avenues for development of photonic devices and for fundamental studies.
In this review, we examine several approaches to incorporating Bragg gratings, mirrors, and ultimately cavities into hollow-core waveguides without obstructing their hollow cores. While utilizing nanophotonic structures, the goal is the realization of "mesoscale" cavities with effective lengths ranging from hundreds of micrometers up to a centimeter and with transverse confinement of light on the micrometer scale. Such cavities can be integrated on a chip and loaded with mesoscopic atomic ensembles. We discuss possible applications of this platform, draw- Fig. 1 . The core diameter (A) and normalized propagating mode area (B) plotted against the propagation loss for the most common types of optical waveguides that are available off-the-shelf [2] or have been demonstrated experimentally (* indicates waveguides with air-guided fundamental modes, SM = Single Mode).
Fig. 2.
Cross-section of (A) Bragg fiber (Source: [12] ) (B) HCPC fiber (C) Kagome fiber. (Source: [13] ).
ing on recent experimental demonstrations. The review focuses on two types of single-mode hollow-core optical waveguides in particular: hollow-core photonic crystal (HCPC) fibers, and hollow-core antiresonant reflection optical waveguides (ARROW) and also provides a summary of the principles behind their operation.
To begin, let us consider a comparative overview of some of the most common types of optical waveguides with both solid and hollow cores shown in Figure 1 . We see that ARROWs and HCPC fibers offer a convenient combination of core size and propagating mode area for applications utilizing cold atomic ensembles, as well as reasonably low propagation losses. In particular, their hollow cores with diameters of~10 µm allow confinement of lasercooled atoms with conventional atom-trapping methods with negligible effects from surface forces [10, 11] . While the propagating mode area of ∼ 10λ 2 in these waveguides is not ideal, as the probability of interaction between one photon and one atom is approximately λ 2 /A mode [1] , the mode area is actually comparable to that of standard single-mode fibers. More importantly though, the propagating mode area of HCPC fibers and ARROWs is small enough that integrating mirrors of moderately good reflectivity into these waveguides should form a cavity with sufficient finesse to push the single photon-single atom interaction probability to unity.
Hollow-core photonic crystal fibres
Conventional index-guiding optical fibers control light propagation by total internal reflection, which is achieved by having a high index core surrounded by a low index cladding. HCPC fibers belong to a recently introduced class of microstructured optical fibers for which the cladding features a periodic lattice of microsized holes extending along the length of the fiber. The initial idea of a photonic crystal fiber for guiding light in a low-refractive index region was first proposed in 1978 by Yeh et al. [14] in the form of a Bragg fiber (Figure 2A) , in which the hollow or low refractive index core is surrounded by concentric layers of alternating dielectrics analogous to a dielectric stack mirror formed by a 1D photonic crystal. In 1992, this concept was extended by Russell [15] where the core was surrounded with a 2D photonic crystal pattern. The first practical HCPC fibers were demonstrated in 1996 by Knight et al. [16] . Currently, there are two classes of HCPC fibers: photonic band gap (PBG) fibers ( Figure 2B ) and Kagome (or bound continuum) fibers ( Figure 2C ).
The light is guided by distinct physical principles within the core of these two classes of fibers. Kagome fibers were only fully understood in 2007, when their broadband guidance spectrum was attributed to inhibited coupling (IC) guidance [13] . The structural design of these fibers allows for both a continuum of modes supported by the cladding, as well as modes guided by the hollow core. However, the phase between the core and cladding modes is significantly mismatched, which prevents the leakage of light out of the core [13, 17] . PBG fibers, in contrast, use a 2D photonic crystal pattern to produce periodic index modulations in the transverse direction that act as a Bragg grating. Solutions to Maxwell's equations illustrate a bandgap of frequencies in which the light is unable to propagate in the transverse direction, and thus becomes evanescent in the cladding (while still free to propagate along the fiber) [18] [19] [20] [21] . Due to these nonconventional means of light confinement, light may be almost completely trapped in the hollow core of the HCPC fibers. Any resulting light-glass interactions such as scattering, dispersion and nonlinear effects are greatly reduced and thus extremely low transmission losses are possible. Values as low as 150 dB/km to 1.2 dB/km have been reported so far [23] , which is approaching the minimum optical attenuation of 0.15 dB/km achieved in conventional fibers [24] .
The parameter space when designing PC fibers is quite large, allowing for different types of lattices, lattice pitch, shape and radii of holes, as well as the index of the glass material. These unique adjustments in the fiber design can, for example, permit single modes to be supported for large ranges of optical wavelengths compared to conventional optical fibers [18] . Figure 1 shows a small overview of different types of solid-core and hollow-core waveguides and their associated loss, core size, and propagating mode area. We see that HCPC fibers generally have a relatively low loss as well as small core sizes that result in a reduced mode field area which in turn increases the probability of atom-photon interaction. In contrast, Kagome fibers typically have large core diameters, which trades off atom-photon interaction probability for reduced collisional broadening when room-temperature gases are confined within these fibers. Additionally, while the propagation loss in Kagome fibres is somewhat higher than in PBG fibers, the former can guide light over much broader wavelength ranges [25] .
Antiresonant reflection optical waveguides
Similar to traditional index-guiding fibers, conventional waveguides used in integrated optics, such as ridge wave guides [26] , typically consist of a high refractive index core surrounded by lower index cladding material. Light is guided in the core using total internal reflection (TIR) [27] . Certain applications can, however, require the core to be a low-index material, such as air or water, where TIR is not possible. The antiresonant reflecting optical waveguide (ARROW) shown in Figure 3 is one possible structure permitting low loss propagation in these cores. Unlike HCPC fibers, ARROWs can be produced using standard semiconductor device manufacturing technology allowing the creation of on-chip platforms with multiple integrated photonic components. ARROWs were first proposed and demonstrated by Duguay et al. [28] in 1986 when they guided light in a low index SiO 2 core using a single pair of Si/SiO 2 layers beneath it. Hollow core AR-ROW waveguides were first demonstrated by Delonge and Fouckhardt in 1995 [29] . Since then ARROWs have found applications in lasers [30] , single-molecule detection [31] , and have been used to demonstrate electromagnetically induced transparency and slow light on a chip [6] . At the same time, an alternative approach to on-chip hollow-core waveguides, based on hollow core waveguides utilizing high-contrast subwavelength gratings (HCSWG), has been recently demonstrated by Yang et al. [32] . While the reported propagation losses in these structures have been as low as 0.37 dB/cm, the waveguides have mode areas around 100 µm 2 for 9 × 11 µm sized cores, which is much larger than what has been achieved in ARROWs [33] .
ARROW Principles and Analysis
ARROWs are an interference-based waveguide in which the core is surrounded by multiple cladding layers collectively acting as a highly reflective mirror. For a given wavelength, the layer thicknesses can be chosen such that there is constructive interference in the core and destructive interference in the cladding, which results in low loss propagation in the core even though the modes are leaky. Looking at the 1D profile shown in Figure 3A , the glancing angle is given by Equation 1, and the optimal thickness for a specific layer i is given by Equation 2 derived using the phase conditions mentioned in Ref. [28] . The optimal layer thickness depends on the desired wavelength of operation, core height, core refractive index, and the refractive index of the layer itself.
sin (θc) = λ 2ncdc
(1)
The propagation loss of ARROWs can be estimated using the numerical analysis technique developed by Chen et al. [34] . This method takes a 1D refractive index profile and calculates the propagation constants and profiles of the supported electromagnetic modes by using characteristic transfer matrices for each layer. Given that ARROWs actually have a 2D refractive index profile, the overall loss can be estimated by averaging the losses from the two 1D cross-sectional profiles. This analysis can be used to design waveguides that are polarization sensitive (TE or TM) as well. The materials used for the antiresonant layers have included Si 3 N 4 , SiO 2 , TiO 2 , and Ta 2 O 5 . The most common material pair is Si 3 N 4 (n = 1.7-2.0, depending on the quality of the deposited film)/SiO 2 (n = 1.44), although using TiO 2 (n = 2.4) [29] or Ta 2 O 5 (n = 2.1) [35] along with SiO 2 has been explored as well. Si 3 N 4 is typically used due to its ease of deposition using plasma-enhanced chemical vapor deposition (PECVD), fairly high refractive index contrast, and nonabsorptivity in the desired optical range of operation [22] .
The characteristics of ARROWs, including loss and mode area, may be modeled using photonic simulation software such as the finite element solver FemSIM by RSoft. The main source of losses is due to the fundamental leaky mode of these waveguides. We have found that this can be minimized by using higher index contrast materials, or increasing the number of antiresonant layers surrounding the core. The core size also affects the propagation loss. Decreasing the width of the core will yield a smaller optical mode area but a higher propagation loss. This is due to the fact that for TE modes, the TM like polarization relative to the side walls has lower reflectivity where the angle of propagation is larger (Equation 1), similar to the Brewster angle phenomenon that occurs between two optical interfaces. As a result, cores are typically much wider than they are high. Figure 4A shows how the propagation loss varies as a function of the mode area for an ARROW with 3 periods and Figure 4B shows the propagation loss as a function of period for various antiresonant material pairs.
Fabrication
There are two main methods to fabricate hollow core ARROWs. The first method reported by Bernini et al. [36] uses silicon to silicon bonded together to create the hollow core. A square groove is etched into the silicon wafer, followed by deposition of the bottom antiresonant layers. While the top layers are deposited onto another wafer. The two pieces are then wafer bonded to create the hollow core waveguide. These devices have achieved losses as low as 2 dB/cm, but the large core size of 130 µm × 130 µm is not particularly suitable for applications trying to achieve optical mode areas closer to those found in single-mode optical fibers. The second method, explored extensively by the Schmidt group at UC Santa Cruz and the Hawkins group at BYU, uses a bottom-up fabrication process with a sacrificial core material acting as a scaffolding which is later removed. The first step is to deposit the bottom antiresonant layers using PECVD at a temperature of around 250 ∘ C. This is followed by deposition of a sacrificial layer and using photolithography to pattern the core. Core materials investigated have included aluminum [37] , which tended to have a trapezoidal instead of the desired rectangular shape, and photoresist [33] . Multiple positive and negative photoresists have been investigated for the core material, but SU-8 [38] is typically used due to the fact that it can be hard baked which prevents it from reflowing and distorting when placed in the high temperature PECVD chamber [22] . This step is followed by depositing the top antiresonant layers. The last step is to remove the sacrificial core material to create the hollow core. One drawback of using PECVD to deposit the top antiresonant layers is the nonconformal deposition process, whereby layers on top of the core are thicker than those on the sides. Characterizing this ratio t h /tv allows one to account for it when modeling the waveguide. There have been some variations of this process to decrease the loss of the waveguide by having an air terminating layer instead the outermost antiresonant layer material on the sides. One variant is known as the prealigned pedestal (PAP) ARROW. Here, a pedestal with the core width is created on the substrate using a photolithography and etch process as the first step before depositing the bottom layers. Another variant is the self-aligned pedestal (SAP) ARROW. After the core is patterned, it is used as a mask whereby the pedestal is created by etching through the bottom antiresonant layers and a portion of the substrate depending on the desired pedestal height. The core is protected using a thin metal layer such as chromium. These variants have been thoroughly investigated by Lunt [39] where it was found that the SAP variant had lower losses than the PAP variant and both were lower than the regular ARROW. The lowest reported losses in that work for fabricated structures with core sizes of a width of 12 µm and a height of 5-6 µm (corresponding to mode-field area of 18 µm 2 ) were around 2.2 cm −1 or 9.6 dB/cm [22] .
Bragg gratings in hollow-core waveguides
One of the most common implementations of an optical cavity is the Fabry-Perot cavity. Fabry-Perot cavities consist of two high-reflectivity mirrors, which are often based on Bragg gratings. Additionally, the periodic modulation of the effective refractive index along the axis of a waveguide that creates a Bragg grating can be also used for dispersion engineering. The dispersion relation in the modulated section of the waveguide can be designed such that at the wavelength of interest the group velocity vg becomes significantly less than the speed of light c. For a hollow-core waveguide containing an atomic ensemble, this would result in light pulses taking a longer time to "pass through" a particular atom, as well as in spatial compression of the pulse in longitudinal direction, which in turn leads to an increase of the amplitude of the pulse's electric field. The overall effect is an increase of the probability of interaction between the pulse and atoms in the ensemble confined by the structure. Implementation of Bragg gratings mirrors or slow light structures is relatively straight forward for solid-core waveguides. For on-chip integrated waveguides, the gratings can be either etched into the waveguide core, formed by layer growth for pillar structures, or through spatially controlled doping. In optical fibers, a modulation of the core's refractive index is often achieved by exposing the fiber to an interference pattern generated by a femtosecond laser in the ultraviolet range, which causes a slight (~10 −4 ) change of the refractive index in the exposed sections [40] . Bragg grating formation is, however, more challenging for a hollow-core waveguide, as the core is empty and, furthermore, the waveguide is designed with an effort to minimize the overlap between the propagating light and the material of the cladding.
Gratings in HCPC fibers
Fiber Bragg gratings (FBGs) have traditionally been created by periodically modifying the refractive index of a fiber by exposure to CW or pulsed laser beams, usually in the UV range. This technique is generally intended to produce photo-induced refractive index change in silica, which can range between~10 3 and 10 4 , although material removal and correspondingly higher index change have been reported with optical nanofibers [41] . The exposure has been done by scanning a beam across the fiber [42] or by employing interferometric techniques [43] [44] [45] [46] . In the latter approach, the Bragg grating pitch is controlled either by adjusting the angle of intersection between the two writing beams, adjusting the wavelength of the laser acting as a writing source, by selecting a phase-mask with appropriate period of the mask's grating [46] , or a combination of these three methods. However, since the design of HCPC fibers tries to minimize the overlap between the propagating fundamental mode and the silica material of the photonic crystal, the photo-induced modification of the refractive index of the original fiber structure might not be sufficient to create a grating of desired properties. Rather than modifying the silica in the fiber by photo-induced processes, we consider injecting a photoresist or other UV-curable polymer into selected hollow regions of the fiber and exposing such a modified fiber to an interference pattern. The resulting polymer film will introduce a spatially varying refractive index and as a result will act as a Bragg grating integrated into the HCPC fiber. This approach is in essence similar to the Bragg gratings demonstrated in solid-core photonic-crystal fibers previously [47] . A similar approach has been also used to implement long-period Bragg gratings with pitches of up to several hundred micrometers utilizing higher-order bandgaps when the refractive index of liquids injected into the fibers was modulated with electric fields or mechanical stress, such as in Ref. [48] .
In our first proposed approach [49] , this is accomplished by injecting a suitable photoresist into the core of the fiber in a way that results in coating the inner walls of the hollow core with a thin layer of additional dielectric. Exposing the photoresist to the grating pattern and flushing the fiber with a developer will remove sections of this coating in a periodic manner along the fiber ( Figure 5A ). This will act to modulate the effective index of the fiber, while still allowing unobstructed access of the hollow core for loading vapors or liquids. Our second proposed approach to produce a Bragg grating in HCPC fiber is to introduce a polymer into selected holes of the photonic crystal, as shown in Figure 6A . The disadvantage of this method is that because of the small diameter of the photonic crystal holes, the polymer will fill them completely and the holes will not be flushed with a developer after exposure to remove the exposed (or unexposed) sections of the resist. The Bragg grating formed in this approach will then rely on the index contrast between the exposed and unexposed sections of the resist, which is relatively low. Assuming the holes are filled with a UV-curable epoxy (e.g., Norland optical adhesives), the index contrast between the exposed and unexposed sections will be~10 −2 . This method is expected to result in lower reflectivity compared to the first approach because of the significantly lower resulting effective index modulation (~10 −4 ). The low effective index modulation will lead to rather large penetration depths into the grating combined with high attenuation due to the partial disruption of the finely tuned photonic-crystal guiding mechanism. The corresponding maximum reflectivities that can be achieved using a perfect Bragg reflector with optical losses associated with the fiber are shown for polymer in the hollow core. Method 1 calculates reflectivity by finding the average penetration depth of light into the Bragg Mirror. The reflectivity will then be reduced by the amount of loss caused by the fiber as the light travels this distance, as shown in Equation 5. Method 2 uses the method of single expression (MSE) [50] whereby reflectivity is calculated from the forward and backward propagating field amplitudes at the beginning of the grating. The resulting effective index contrast in the fiber now acts as an interface in which light is partially reflected and transmitted. The reflected light can interfere constructively, producing high reflectivity over a particular bandwidth of light. The grating period length, the degree of index contrast between Bragg layers, and the number of periods determine this reflectivity. For an infinite number of periods, Bragg gratings can ideally act as perfectly reflective mirrors at wavelengths that satisfy the Bragg condition (wavelengths that are four times the optical thickness of the layers) [51] . Realistically, perfectly reflecting mirrors are not achievable due to practical fabrication challenges. Another limiting factor that reduces the attainable reflectivities is due to losses associated with the fiber itself.
The calculated maximum theoretical reflectivity of an infinite period Bragg mirror at the Bragg condition for polymer in the hollow core and photonic crystal region are shown in Figures 5B and 6B , respectively. In the latter, the first layer of photonic crystal holes are filled one at a time in a counterclockwise direction. There are two different methods to calculate this reflectivity in an infinite Bragg mirror that incorporate the loss associated with the fiber. The loss in the fiber is first found using Lumerical MODE Solutions [52] by solving for the eigenmodes of a HCPC fiber model. This model is qualitatively similar to the HC-800B [53] fiber available commercially in the sense that its hollow core has the same diameter and its transmission was optimized for~860 nm, although due to limited computational resources the model is not fully optimized and the transmission loss is significantly higher than that specified for HC-800B. This higher loss likely comes from our model's lattice being not exactly identical with the HC-800B fiber and from our simulations being limited by computational resources. The model could be further optimized to match the transmission of the HC-800B fiber, but for now it should provide a conservative estimate for the performance of the Bragg grating structures in HCPC fibers in general. The supported Gaussian modes and their subsequent attenuation coefficient and effective indices can then be found, in which the mostly transverse electric (TE) polarization in the x-direction was found to undergo lower losses. A wavelength of 860 nm was used in the simulations, corresponding to the lowest attenuation values given the photonic crystal dimensions of the fiber. The index of the material coating the hollow core was set at n = 1.61, which is consistent with photoresists such as AZ701. The index of the material added to the photonic crystal region is 1.62 for unexposed and 1.64 for exposed to UV, corresponding to UV-curable glues, such as NOA162 from Norland. The first method shown in Figure 5B and 6B estimates the resulting decrease in effective reflectivity due to loss in the fiber using an approximation for the penetration depth into a Bragg grating. The reflectivity is then found by taking into account the field loss associated with the travel of light a distance equal to this average penetration depth, zp. The average penetration depth can be found from the Fourier expansion of the dielectric constant, ϵ, which is determined by the effective indices of the Bragg layers found by the numerical simulations. Equation 3 gives the calculated average penetration depth of light of angular frequency, ω into a Bragg grating with bandgap, ∆ω.
where a is the grating period length and ϵ 00 and |ϵ 1 | are the two dominant Fourier coefficients of the dielectric constant, as given by Equation 4 . This approximate expression is valid for weak perturbations of the dielectric constant. Equation 5 gives the resulting reflectivity, R, calculated using the simulated values of the attenuation coefficients of the Bragg layers, α 1 and α 2 , in which the total path length of light traveled in each layer is z 1 and z 2 (with the light travelling twice this total distance due to light travelling both in and out of the Bragg mirror).
The second method to analyze these one-dimensional gratings is by using the method of single expression (MSE) described by Baghdasaryan et al. [50] . Starting from the transmitting side, the field in each layer is calculated as we travel backward to the illuminated side, solving a set of coupled differential equations (Equations 6-8) as we do so. The forward and backward propagating fields can be calculated at the illuminated side to determine the grating's reflectivity.
where the electric field is
The reflectivities are highly dependent on the thickness of the dielectric film coating the core, with reflectivities >96% possible at a resist thickness of 700 nm. When the polymer is instead added to the photonic crystal region, the reflectivity is drastically decreased to a maximum value of~31%, as expected from this approach due to the resulting low index contrast and high attenuation in the fiber. However, it should be noted that our simulation model of the fiber structure provided a spectrum of losses that were at least an order of magnitude larger than manufacturer's specifications for HC-800B, so the actual reflectivities are likely to be higher.
These values can be compared to the reflectivity potentially achieved with a photo-induced index modulation of the fiber material itself by using femtosecond laser pulses, an approach commonly used to create laserwritten photonic structures in silica and related materials [54, 55] . This index modulation of~10 −3 in the fiber material results in a maximum reflectivity of 97%. However, due to the extremely low change in effective index, a mirror based solely on this silica material modulation would require a Bragg grating 2.8 cm long (corresponding to~10 4 Bragg periods). This is in contrast to a Bragg grating of~270 µm in length resulting from~10 2 different
Bragg periods required for the >96% reflectivity possible with 700 nm of resist in the hollow core. As far as practical implementation of these two approaches in creating a Bragg reflector in the fiber is concerned, several methods for selective injection of liquids into photonic crystal fibers have been reported in the past. Most of them are suitable for selectively injecting liquid into the central hole, such as using a fusion splicer to collapse the honeycomb structure around the central hole [56] or by taking advantage of the different capillary forces and filling speeds in the small diameter photonic crystal holes and the larger diameter hollow core [57, 58] . However, methods based on gentle splicing of an appropriately positioned capillary to the end of the HCPC [59, 60] or on drilling a micron-sized hole using a femtosecond laser into a thin slice of glass attached to the face of a HCPC fiber [61] , can be adopted for filling any combination of holes with liquid.
Gratings in ARROWs
The bottom-up progression in ARROW fabrication offers the possibility to integrate a Bragg grating into the waveguide directly during the fabrication process, by defining gratings in selected layers of the structure using photolithography or electron beam lithography followed by an etching process. The best candidates for this would be the top layer, the first layer above the core, or the first layer beneath the core as shown in Figure 7 . For the three-period ARROW formed by Si 3 N 4 and SiO 2 layers, the maximum effective index change is 1. respectively. For a four-period ARROW using the same materials, the maximum effective changes are 8. Since the light is mostly confined to the core, etching the layers closer to it creates a larger perturbation in the mode, causing a larger change in the effective index of propagation. Increasing the number of periods lowers the propagation loss but limits the effective index change we can create due to a more confined mode area inside the core. The reflectivity of these integrated Bragg mirrors can be estimated with the average penetration depth approximation used for the gratings in HCPC fibers. Figure 8 shows the reflectivity of this grating for a given number of peri- ods. We can see that there is an upper bound on the reflectivity due to the presence of significant loss in the waveguide. The reflectivity spectrum for a grating with 10,000 periods, and an effective index change of 1.2 × 10 −4 created by etching into the top layer above the core is shown as well. The mirror has a somewhat limited bandwidth (~26 GHz) due to the fairly small change in effective index.
Integrated mirrors based on photonic-crystal membranes
Photonic crystal (PC) membranes acting as a simple case of a dielectric metasurface [62] can be used as mirrors in fiber cavities as shown in Figure 9A . These mirrors are comprised of a thin film dielectric that is patterned with air holes, which can cause for particular wavelengths of light, incident perpendicular to the plane of the film, to be completely reflected. The defining features that control the reflective properties are the lattice constant between holes, a, film thickness, d, hole radius, r and the dielectric refractive index, n. Light introduced to the planar photonic crystal in this manner can be confined within the slab as in-plane guided modes as well as guided resonances. Figures 9B and 9C show the electric field profile of light trapped within the PC slabs and the refractive index profile, respectively. Guided resonances possess the unique ability to couple to external fields. These supported modes are affected by the periodic index contrast provided by the photonic crystal pattern and can exchange energy with a continuum of freespace radiation modes with finite lifetimes. The incident fields excite such guided resonances, which, in turn, inter- fere with the out-of-plane external light allowing for complete constructive or destructive interference on opposite sides of the slab [63, 64] .
The main purpose for using such a mirror is that these photonic crystal holes should allow for easy passage of an atomic cloud through the film, while still retaining its reflective qualities, as shown in Figure 15A . PC slabs have been shown to have relatively broad spectral regions of 100% reflectivity [64] , and are much more compact than layered (Bragg grating) dielectric mirrors. Figure 10A shows a reflectivity spectrum using finite difference time domain (FDTD) simulations [52] . The dimensions of a Si 3 N 4 film were optimized to produce a broad band of near 100% reflectivity for wavelengths that are relevant to alkali atoms Rb and Cs. There is also a relatively broad range of lattice spacings that will produce high reflectivities at the given wavelength region, as shown by Figure 10C . Fig. 11 . (A) An optical image of the sample pattern created in the Si3N4 freestanding films. The surrounding trenches are designed to allow removal of the structure from the substrate, while the inset shows a scanning electron microscope (SEM) image of the middle region containing the PC holes. The optical and SEM image scale bars correspond to 20 µm and 2 µm respectively (B) Schematics of a procedure for mounting a PC membrane onto an optical fiber tip using micro-drops of epoxy (Source: [65] ).
The other main advantage of using PC membranes in a fiber cavity is that the reflectivity can be polarization dependent by breaking the symmetry of the photonic crystal pattern. It has been shown that polarization selectivities of 100% and 0% for orthogonal polarizations can be obtained by using rectangular holes in place of circular holes [64] . This dependence can be simulated using FDTD methods, as shown in Figure 10B , with the use of elliptical holes rather than rectangular.
Fabrication of planar photonic crystal mirrors
The planar PC mirrors are fabricated using Si 3 N 4 freestanding films purchased from Norcada. Si 3 N 4 was chosen due to its relatively high index and low absorption at wavelengths desired for future experiments based on alkali atoms, such as rubidium or cesium. The photonic crystal holes are first patterned in the Si 3 N 4 film.
This done by using an aluminum metal hard mask evaporated onto the Si 3 N 4 film and ZEP e-beam resist is then spun coated over the hard mask. A hard mask is used in order to drastically increase the reactive ion etching selectivity when transferring the PC hole pattern between the mask and the Si 3 N 4 film. The ZEP layer is patterned with PC holes using e-beam lithography and the resist is developed away. The PC pattern is transferred to the hard mask using a Cl 2 /O 2 plasma metal etch. This pattern is subsequently etched into the Si 3 N 4 , with the metal hard mask providing increased selectivity in the C 4 F 8 /SF 6 plasma etch process [66] . The remaining e-beam resist and hard mask are removed using a wet etch procedure. Figure 11A shows the PC slab pattern, which includes trenches around the membrane allowing for easy removal when attaching to fiber tip.
In order to mount these PC membranes onto the face of a fiber, a method developed by Shambat et al. [65] can be used, in which a sharp tungsten tip is used to apply two small droplets of epoxy to the face of an optical fiber to attach to it a patterned membrane ( Figure 11B) . A similar approach can be envisioned for combining the PC membrane mirror with an ARROW.
Cavities in hollow-core waveguides
We now turn our attention to optical cavities that can be implemented in hollow-core waveguides with mirrors based on Bragg gratings and photonic-crystal membranes acting as dielectric meta-surfaces. Fabry-Perot type cavities can be formed by integrating a properly spaced pairs of these structures into a hollow-core waveguide that will be eventually loaded with an atomic ensemble. In order to characterize the interaction between light and matter in a cavity, three parameters are used to describe the system: the photon loss rate out of the cavity, κ, the spontaneous decay rate or natural linewidth of the atoms under consideration, γ, and the photon-atom coupling coefficient, g [67] . The coupling constant is defined such that
where ω is the photon angular frequency, µ is the dipole moment of the atomic transition, and ϵ is the dielectric constant inside the cavity. The cavity mode volume is defined, with respect to the electric field amplitude, E, and maximum field amplitude, as
where L e is the effective cavity length and A mode is the transverse confinement or mode field area of light travelling in the cavity. There are two regions in the space defined by these parameters that are of particular interest for studies of lightmatter interactions in a cavity: the strong coupling regime, defined by g 2 > κγ in which a single photon in the cavity can cause a single atom to undergo multiple Rabi oscillations, and the high cooperativity regime defined by g 2 > κγ
where the presence of a single atom significantly changes the transmission spectrum of the cavity. These two regimes are pivotal in most cavity QED experiments with either individual quantum emitters or emitter ensembles [68] [69] [70] .
For macroscopic Fabry-Perot cavities formed by a pair of mirrors, the transverse confinement of light circulating in the cavity is achieved if appropriately curved mirrors are used. Here, this transverse confinement is provided by the hollow-core waveguide. The advantages of this arrangement include the possibility for tighter transverse confinement of the circulating light that is decoupled from the spacing of the mirror pair, as well as the possibility for the waveguide to provide mechanical confinement for warm gasses or liquids, or guiding for additional beams acting as optical tweezers or optical dipole traps. However, compared to propagation through free space, the hollow-core waveguide introduces an additional optical loss that is dependent on the total cavity length, L. Taking into account the waveguide loss coefficient, α, as well as the reflectivities of the mirrors, R, the quality factor, Q, of the cavity will be
where c is the speed of light and ω is the resonant angular frequency of the cavity. Then κ = ω/Q. Figure 12A and 12B show the calculated high cooperativity and strong coupling regimes, respectively, assuming cesium atoms in a cavity formed by a HCPC fiber with a loss of 0.15 dB/m (representative of HC-800B type fibers) and a pair of highly reflective mirrors based on the PC membranes. In this case, the cavity length is given by the spacing of the two mirrors as their thickness is negligible compared to the cavity length. This of course would not be the case if the mirrors were based of the Bragg gratings discussed previously. It is evident that in order for our cavity to be in the strong coupling regime the mirror reflectivity must be >99.8% with a fiber length of 1.5-4 cm, while high cooperativity can be achieved at >99.7% for lengths up to~3 cm.
The photonic crystal membranes, as previously discussed, have been simulated to produce reflectivities (effectively 100%) sufficient for strong coupling and high cooperativity. Since Kagome fibers are capable in some instances to possess lower losses than the HCPC considered in this paper, it is feasible that these fibers may too be utilized for fiber cavity QED experiments requiring strong coupling or high cooperativity. However, the typical larger core sizes will correspond with larger mode area, A mode (Equation 10), which decreases the coupling constant, g, as shown by Equation 9 , and would need to be taken into account. The best fiber Bragg grating mirrors, conversely, were shown to only have a maximum reflectivities of~96% (for a 700 nm thick polymer film in the hollow core), which is not high enough to reach the strong coupling regime. The Bragg gratings caused by modulation of the fiber material were previously shown to~97%, however, due to the relatively long Bragg mirror required to achieve this reflectivity (as a result of the low index contrast), the mode volume of this cavity will be much larger and will subsequently decrease the cavity coupling coefficient. However, simulations of the fiber revealed attenuation coefficients that were at least~10 times larger than the loss values measured by the manufacturer. Thus, the theoretically calculated reflectivities should represent a lower bound on what is achievable, given the actual lower fiber losses, and higher reflectivities may still indeed be possible.
For ARROWs, we can also use the MSE to study distributed Bragg reflector (DBR) cavities using these lossy waveguides. We found that using a grating as described previously, a field enhancement factor of~2 relative to the input is possible. However unlike typical DBR cavities, we found that the presence of a waveguide region between the two mirrors did not affect the field enhancement at all, most likely due the presence of large losses. This is because the high intensity field is actually located in the grating region near the input. This effect occurs for a single grating as well, making the use of two Bragg grating mirrors in a Fabry-Perot like setup unnecessary. The field distribution for a 20,000 period grating is shown in Figure 13 .
Integration on a chip
While the light confinement in ARROW structures is accompanied with significantly higher losses than in HCPC fibers, these waveguides offer the distinct advantage of being fabricated directly on a chip using technologies compatible with semiconductor manufacturing. This inherently makes these structures attractive for interfacing with other on-chip electronic and photonic components or for including additional functionalities relevant for the target application. These applications can range from biological, such as "lab on a chip" demanding microfluidic interfaces [31] , to quantum technology and precision measurement requiring infrastructure for atom cooling, guiding, and trapping.
At the same time, techniques have been developed that almost seamlessly integrate optical fibers into the on-chip environment. One of the drivers behind these techniques have been the alignment of free-space cavities formed by mirrors fabricated on tips of conventional solid-core fibers for experiments with laser-cooled and ultracold neutral atoms, as well as ions. The techniques in- clude lithographically defined V-groves etched into the substrate [71] and fiber clamping structures made from thick photoresist with undercut profile [72] that allow precise alignment of the optical fiber with respect to other components on the chip. The latter approach is of particular interest as it requires minimum postprocessing adjustments. Fiber-based high-finesse cavities integrated with planar ion traps [73] and on-chip single atom detectors [74] have been demonstrated using this method. This technique can be also used to make an on-chip fiber splicer where two fibers are butt-coupled up against one another with high precision (Figure 14) . To introduce the fibers into the chip, they are first cleaved and then slid manually into the support structure from the side under a microscope. With additional lithographic steps, coupling between fibers with different diameters could be implemented, as well as coupling between a fiber and a wide range of on-chip waveguides, interferometers, and other components, with the coupling efficiency limited only by the mismatch in refractive index and mode profile. 
Applications
Due to its inherent capability to operate at higher bandwidth and with less heat generation compared to silicon electronics and the associated metal interconnects, optical technology is generally viewed as a platform to enable the speedup of information processing devices. These views range from optimistic where focus is placed on the complementary capabilities of all-optical information processing compared to electronics (zero-energy logic, optical preprocessing, vector matrix multipliers) [75] to more cautious endorsements pointing out the need to overcome the scalability weaknesses of the proof-of-principle alloptical transistors demonstrated so far (cascadability, fanout, logic-level restoration, input/output isolation) [76] . Here, we briefly overview a selection of recent proposals and experimental demonstrations that implement several optical technologies that are based on atomic ensembles. We believe that hollow-core waveguides with embedded structures for enhancement of atom-photon interactions would provide both fundamental performance improvements for these schemes as well as advance their outlooks for use in practical applications and devices. The optical scheme is shown, in which the gate photon is first stored in the atomic excitation to state | s⟩ , which results in a blockage of the source light through the cavity. The gate photon can then be retrieved by ramping up the control field (Source: [77] ).
Single-Photon Transistor
Compared to single-quantum emitters, ensembles of quantum emitters offer significant advantages for implementing controllable single-photon interactions. These advantages include collective enhancement of lightmatter interactions, robustness to noise and decoherence, and the inherent ability handle light pulses containing multiple photons.
An excellent illustration of these advantages is provided, for example, in an experiment performed by Chen et al. [77] realizing an all-optical transistor where individual "gate" photons controlled the propagation of a stream of "source" photons. The experimental system, shown in Figure 15B , consisted of a macroscopic Fabry-Perot cavity containing a cloud of laser-cooled 133 Cs atoms with an Ntype atomic level structure with two stable ground states | g⟩ , | s⟩ and two excited states | d⟩ , | e⟩ . A gate photon, resonant with the (| g⟩ → | d⟩ ) transition, is stored in the collective spin-wave excitation between | g⟩ and | s⟩ ( Figure 15C ). The population in | s⟩ from the single stored gate photon is sufficient to shift the resonance of the cavity and blocks the source photons resonant on the bare cavity mode transition | s⟩ → | e⟩ (Figure 15D) . The authors reported the blockage of more than 600 source photons with a single stored gate photon. Although this gain drops significantly, if one also requires the transistor to operate in the quantum memory regime (i.e., being able to retrieve the stored gate photon at the end of the operation as shown in Figure 15E ), it remains above unity, making this is an unprecedented demonstration of an all-optical transistor that can operate both in the quantum and classical regime at the fundamental limit of single gate photon.
However, since the gate and control photons are applied from the side of the cavity, the storage efficiency of the gate photon is limited by the small optical depth of the atomic cloud in the transverse direction. Implementing this scheme with a polarization selective cavity based on a hollow-core waveguide and properly designed photoniccrystal membrane acting as dielectric metasurface mirror ( Figure 15A ) would allow the gate photons to propagate along the same direction as the source photons and to be stored with much higher efficiency.
Superradiance
Another example of an application that could benefit from development of the mesoscale cavities described here is the ultrastable, superradiant Raman laser demonstrated recently [78] . It has been previously shown that the linewidth of a laser limited by quantum noise can be smaller than the Schawllow-Townes limit when the gain bandwidth is smaller than the cavity loss rate, the socalled "bad-cavity," or superradiant limit where 2γ ≪ κ [79] . Bohnet et al. [78] created a superradiant Raman laser using a cavity operated in the bad cavity limit with an ensemble of 87 Rb atoms in an optical lattice. Instead of creating coherent emission by stimulated emission, the collective synchronization of the atomic dipoles in the ensemble creates a radiation enhancement known as superradiance. In this system, the linewidth and stability of this laser was affected by the mechanical stability of the mirrors forming the cavity by a factor of 10,000 times less than is the case for a conventional laser. This approach leads to an extremely stable laser with applications ranging from technological, such as in telecommunication networks, to precision measurements of fundamental laws governing the universe [80] . Importantly though, the cavity required operation of this laser is of low finesse and typically operated with cooperativities C = g 2 /κγ < 1 . The collective coupling NC ≫ 1, where N is the number of atoms in the cavity, is the determining factor when it comes to creating self-sustained coherent stimulated emission. This regime should be easily obtainable in HCPC fiber-based cavities ( Figure 12 ) and possibly even in cavities integrated into ARROWs ( Figure 13B ).
